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01LðaÞm ðxÞLðbÞn ðyÞ ¼
2aþbþmþn
p2
Cðaþmþ 1ÞCðbþ nþ 1Þ
Cðaþbþmþ nþ 1Þ

Z p
2
p2
Z p
2
p2
eðmnÞ/iþðabÞhi cosmþn/cosaþb h
LðaþbÞmþn
xeðh/Þiþ yeðh/Þi
cos/
cosh
 
d/dh;
ð1:1Þwhere LðaÞn ðxÞ denotes the general Laguerre polynomials of
degree n.
Following the method adopted by Carlitz [2], Chatterjea [3]
gave the integral representation for the product of two general-
ized Bessel polynomials. Further, in 1964, Chatterjea [4] gaveier B.V. All rights reserved.
920 M.A. Khan et al.the integral formula for the product of two Jacobi polynomi-
als. Also, in 1969, Manocha [5] gave the integral representation
for the product of two generalized Rice polynomials.
In 1976, Srivastava and Panda [6] derived an integral repre-
sentation for the product of two Jacobi polynomials and also
gave some generalization involving Kampe´ de Fe´riet’s double
hypergeometric functions. Also in 2004, Lin et al. [7] derived
integral representation for the product of two polynomials of
the classes deﬁned by (3)–(6) in [7].
Recently in 2011, Khan et al. [8] gave the integral represen-
tation for the product of several other two polynomials, e.g.
Meixner, Krawtchouk, Gottlieb and Poisson–Charlier polyno-
mials of one variable.
Motivated by the above work the present paper deals with
several integral representations for the product of two polyno-
mials of two variables.
In the present paper we need the following deﬁnitions of
two variables polynomials:
The Laguerre polynomials of two variables Lða;bÞn ðx; yÞ are
deﬁned as:
Lða;bÞn ðx; yÞ ¼
ð1þ aÞnð1þ bÞn
ðn!Þ2
Xn
r¼0
Xnr
s¼0
ðnÞrþs
r!s!ð1þ aÞrð1þ bÞs
xrys:
ð1:2Þ
The Jacobi polynomials of two variables Pða1 ;b1 ;a2 ;b2Þn ðx; yÞ are
deﬁned as:Pða1 ;b1 ;a2 ;b2Þn ðx; yÞ ¼
ð1þ a1Þnð1þ a2Þn
ðn!Þ2 
Xn
r¼0
Xnr
s¼0
ðnÞrþsð1þ a1 þ b1 þ nÞrð1þ a2 þ b2 þ nÞs
r!s!ð1þ a1Þrð1þ a2Þs
1 x
2
 r
1 y
2
 s
: ð1:3ÞThe Rice polynomials of two variables Hða1 ;b1 ;a2 ;b2Þn ðn1; n2; p1; p2;
x; yÞ are deﬁned as:
Hða1 ;b1 ;a2 ;b2Þn ðn1;n2;p1;p2;x;yÞ¼
ð1þa1Þnð1þa2Þn
ðn!Þ2

Xn
r¼0
Xnr
s¼0
ðnÞrþsð1þa1þb1þnÞrðn1Þrð1þa2þb2þnÞsðn2Þs
r!s!ð1þa1Þrðp1Þrð1þa2Þsðp2Þs
xrys: ð1:4ÞLða;bÞm ðx;yÞLðc;dÞn ðu;mÞ¼
ð1þaÞmð1þbÞmð1þcÞnð1þdÞn
ðm!Þ2ðn!Þ2

Xm
r¼0
Xmr
s¼0
Xn
k¼0
Xnk
l¼0
ðmÞrþsðnÞkþl
r!s!k!l!ð1þaÞrð1þbÞsð1þ cÞkð1þdÞl
xrysukml
¼Cðaþmþ1ÞCðbþmþ1ÞCðcþnþ1ÞCðdþnþ1Þ
m!n!

Xm
r¼0
Xn
k¼0
Xmr
s¼0
Xnk
l¼0
Cðmþn r sk lþ1Þ
Cðm r sþ1ÞCðnk lþ1Þ
Cðaþcþ rþkþ1Þ
Cðaþ rþ1ÞCðcþkþ1Þ
 Cðbþdþ sþ lþ1Þ
Cðbþ sþ1ÞCðdþ lþ1Þ
ðxÞrðyÞsðuÞkðvÞl
r!s!k!l!Cðmþn r sk lþ1Þ
1
Cðaþcþ rþkþ1ÞCðbþdþ sþ lþ1Þ : ð2:1ÞThe Bessel polynomials of two variables Yn(x, a1, b1; y, a2, b2)
are deﬁned as:Ynðx;a1;b1;y;a2;b2Þ¼
Xn
r¼0
Xnr
s¼0
ðnÞrþsða11þnÞrða21þnÞs
r!s!
 x
b1
 r
 y
b2
 s
: ð1:5ÞThe Krawtchouk polynomials of two variables Kn(x; k1, N1: y;
k2, N2) are deﬁned as:
Knðx; k1;N1 : y; k2;N2Þ
¼
Xn
r¼0
Xnr
s¼0
ðnÞrþsðxÞrðyÞs
r!s!ðN1ÞrðN2Þs
1
k1
 r
1
k2
 s
: ð1:6Þ
The Meixner polynomials of two variables Mn(x; b1, k1: y; b2,
k2) are deﬁned as:
Mnðx;b1;k1 : y;b2;k2Þ
¼ ðb1Þnðb2Þn
Xn
r¼0
Xnr
s¼0
ðnÞrþsðxÞrðyÞs
r!s!ðb1Þrðb2Þs
1 1
k1
 r
1 1
k2
 s
: ð1:7Þ
The Gottlieb polynomials of two variables In(x; k: y; l) are de-
ﬁned as:
Inðx; k : y; lÞ ¼ enðkþlÞ
Xn
r¼0
Xnr
s¼0
ðnÞrþsðxÞrðyÞs
r!s!ð1Þrþs
ð1 ekÞrð1 elÞs: ð1:8Þ
The Poisson–Charlier polynomials of two variables Cn(x; a1: y;
a2) are deﬁned as:
Cnðx; a1 : y; a2Þ
¼
Xn
r¼0
Xnr
s¼0
ðnÞrþsðxÞrðyÞs
r!s!
 1
a1
 r
 1
a2
 s
: ð1:9Þ2. Integral representations for the product of two variables
polynomials
For the polynomials Lða;bÞn ðx; yÞ deﬁned by (1.2), we begin by
considering the following product:Now we notice the results [4]
Cðlþ mþ 1Þ
Cðlþ 1Þðmþ 1Þ ¼
2lþm
p
Z p
2
p2
eðlmÞhi coslþm hdh; ðlþ m > 1Þ ð2:2Þ
and
CðlÞCðmÞ
Cðlþ mÞ ¼
Z 1
0
tl1ð1 tÞm1dt; ðl > 0; m > 0Þ: ð2:3Þ
Integral representations for the product of certain polynomials of two variables 921It therefore follows from (2.1) thatLða;bÞm ðx; yÞLðc;dÞn ðu; vÞ ¼
2aþbþcþdþmþn
p3
Cðaþmþ 1ÞCðbþmþ 1ÞCðcþ nþ 1ÞCðdþ nþ 1Þ
m!n!ðmþ nÞ!Cðaþ cþ 1ÞCðbþ dþ 1Þ 
Z p
2
p2
Z p
2
p2
Z p
2
p2
eðmnÞwiþðacÞ/iþðbdÞhi
 cosmþn w cosaþc / cosbþd h
Xm
r¼0
Xn
k¼0
Xmr
s¼0
Xnk
l¼0
ðm nÞrþkþsþl
r!k!s!l!ð1þ aþ cÞrþkð1þ bþ dÞsþl
xeðw/Þi
cos/
cosw
 r
 eðw/Þi cos/
cosw
 k
yeðwhÞi
cos h
cosw
 s
veðwhÞi
cos h
cosw
 l
dwd/dh: ð2:4ÞSinceX1
m;n¼0
fðmþ nÞx
m
m!
yn
n!
¼
X1
N¼0
fðNÞ ðxþ yÞ
N
N!
; ð2:5Þso thatLða;bÞm ðx;yÞLðc;dÞn ðu;vÞ¼
2aþbþcþdþmþn
p3
Cðaþmþ1ÞCðbþmþ1ÞCðcþnþ1ÞCðdþnþ1Þ
m!n!ðmþnÞ!Cðaþ cþ1ÞCðbþdþ1Þ 
Z p
2
p2
Z p
2
p2
Z p
2
p2
eðmnÞwiþðacÞ/iþðbdÞhi cosmþnwcosaþc /cosbþd h

Xmþn
M¼0
XðmþnÞM
N¼0
ðmnÞMþN
M!N!ð1þaþ cÞMð1þbþdÞN
xeð/wÞiþueð/wÞi
cosw
cos/
 M
 ye
ðhwÞiþ veðhwÞi
cosw
cosh
 N
dwd/dh; ð2:6Þwhich by virtue of (1.2), yieldsLða;bÞm ðx; yÞLðc;dÞn ðu; vÞ ¼
2aþbþcþdþmþn
p3
ðmþ nÞ!
m!n!
 Cðaþmþ 1ÞCðbþmþ 1ÞCðcþ nþ 1ÞCðdþ nþ 1Þ
Cðaþ cþmþ nþ 1ÞCðbþ dþmþ nþ 1Þ 
Z p
2
p2
Z p
2
p2

Z p
2
p2
eðmnÞwiþðacÞ/iþðbdÞhi cosmþn w cosaþc / cosbþd h
 Lðaþc;bþdÞmþn
xeð/wÞi þ ueð/wÞi
cosw
cos/;
yeðhwÞi þ veðhwÞi
cosw
cos h
 
dwd/dh: ð2:7Þ
922 M.A. Khan et al.For a= b= c= d= 0, (2.7) reduces toLmðx; yÞLnðu; vÞ ¼ 2
mþn
p3
m!n!
ðmþ nÞ!
Z p
2
p
2
Z p
2
p
2
Z p
2
p
2
eðmnÞwi cosmþn w Lmþn xe
ð/wÞi þ ueð/wÞi
cosw
cos/;
yeðhwÞi þ veðhwÞi
cosw
cos h
 
dwd/dh:
ð2:8ÞIn a similar manner, we can derive the following integral
representations for the product of two polynomials of two
variables deﬁned by (1.3)–(1.9):Pða1 ;b1 ;a2 ;b2Þm ðx; yÞPðc1 ;d1 ;c2 ;d2Þn ðu; vÞ ¼
2a1þa2þc1þc2þmþn
p3
ðmþ nÞ!
m!n!
 Cða1 þmþ 1ÞCða2 þmþ 1ÞCðc1 þ nþ 1ÞCðc2 þ nþ 1Þ
Cða1 þ b1 þmþ 1ÞCða2 þ b2 þmþ 1ÞCðc1 þ d1 þ nþ 1ÞCðc2 þ d2 þ nþ 1Þ
 Cða1 þ b1 þ c1 þ d1 þmþ nþ 2ÞCða2 þ b2 þ c2 þ d2 þmþ nþ 2Þ
Cða1 þ c1 þmþ nþ 1ÞCða2 þ c2 þmþ nþ 1Þ

Z 1
0
Z 1
0
Z p
2
p
2
Z p
2
p
2
Z p
2
p
2
ta1þb1þmza2þb2þmð1 tÞc1þd1þnð1 zÞc2þd2þneðmnÞwiþða1c1Þ/iþða2c2Þhi
 cosmþn w cosa1þc1 / cosa2þc2 h Pða1þc1 ;b1þd1þ1;a2þc2 ;b2þd2þ1Þmþn
 1 ð1 xÞte
ð/wÞi þ ð1 uÞð1 tÞeð/wÞi
cosw
cos/; 1 ð1 yÞze
ðhwÞi þ ð1 vÞð1 zÞeðhwÞi
cosw
cos h
 
dwd/dhdzdt; ð2:9ÞAs a particular case of (2.9) we note thatPmðx; yÞPnðu; vÞ ¼ 2
mþn
p3
ðmþ nþ 1ÞCðmþ nþ 2Þ
m!n!

Z 1
0
Z 1
0
Z p
2
p2
Z p
2
p2
Z p
2
p2
tmzmð1 tÞnð1 zÞneðmnÞwi cosmþn w
 Pð0;1;0;1Þmþn 1
ð1 xÞteð/wÞi þ ð1 uÞð1 tÞeð/wÞi
cosw
cos/; 1 ð1 yÞze
ðhwÞi þ ð1 vÞð1 zÞeðhwÞi
cosw
cos h
 
dwd/dhdzdt; ð2:10Þ
Hða1 ;b1 ;a2 ;b2Þm ðn1;n2;p1;p2;x;yÞHðc1 ;d1 ;c2 ;d2Þn ðg1;g2;q1;q2;u;vÞ
¼ 2
a1þa2þc1þc2þp1þp2þq1þq2þmþn4
p5
ðmþnÞ!
m!n!
Cða1þmþ1ÞCða2þmþ1Þ
Cða1þb1þmþ1ÞCða2þb2þmþ1Þ
 Cðc1þnþ1ÞCðc2þnþ1ÞCða1þb1þ c1þd1þmþnþ2Þ
Cðc1þd1þnþ1ÞCðc2þd2þnþ1ÞCða1þ c1þmþnþ1ÞCða2þ c2þmþnþ1Þ
Cða2þb2þ c2þd2þmþnþ2ÞCðn1þg1ÞCðn2þg2ÞCðp1ÞCðp2ÞCðq1ÞCðq2Þ
Cðn1ÞCðn2ÞCðg1ÞCðg2ÞCðp1þq11ÞCðp2þq21Þ

Z 1
0
Z 1
0
Z 1
0
Z 1
0
Z p
2
p2
Z p
2
p2
Z p
2
p2
Z p
2
p2
Z p
2
p2
sa1þb1þmta2þb2þmwn11zn21ð1 sÞc1þd1þnð1 tÞc2þd2þnð1wÞg11
ð1 zÞg21eðmnÞxiþða1c1Þwiþða2c2Þuiþðp1q1Þ/iþðp2q2Þhi cosmþnxcosa1þc1 wcosa2þc2 u
 cosp1þq12/cosp2þq22 hHða1þc1 ;b1þd1þ1;a2þc2 ;b2þd2þ1Þmþn n1þg1;n2þg2;p1þq11;ð p2þq21;
4ðxsweð/þwxÞiþuð1 sÞð1wÞeð/þwxÞiÞ
cosx
cos/cosw;
4ðytzeðhþuxÞiþ vð1 tÞð1 zÞeðhþuxÞiÞ
cosx
coshcosu

dxdwdud/dhdsdtdwdz; ð2:11Þ
Integral representations for the product of certain polynomials of two variables 923As a particular case of (2.11) we note thatHmðn1;n2;p1;p2;x;yÞHnðg1;g2;q1;q2;u;vÞ¼
2p1þp2þq1þq2þmþn4
p5
ðmþnþ1Þ
2ðmþnÞ!
m!n!
Cðn1þg1ÞCðn2þg2ÞCðp1ÞCðp2ÞCðq1ÞCðq2Þ
Cðn1ÞCðn2ÞCðg1ÞCðg2ÞCðp1þq11ÞCðp2þq21Þ

Z 1
0
Z 1
0
Z 1
0
Z 1
0
Z p
2
p2
Z p
2
p2
Z p
2
p2
Z p
2
p2
Z p
2
p2
smtmwn11zn21ð1 sÞnð1 tÞnð1wÞg11ð1 zÞg21
 eðmnÞxiþðp1q1Þ/iþðp2q2Þhi cosmþnxcosp1þq12/cosp2þq22 hHð0;1;0;1Þmþn
 n1þg1;n2þg2;p1þq11;p2þq21;
4ðxsweð/þwxÞiþuð1 sÞð1wÞeð/þwxÞiÞ
cosx

cos/cosw;4ðytze
ðhþuxÞiþ vð1 tÞð1 zÞeðhþuxÞiÞ
cosx
coshcosu

dxdwdud/dhdsdtdwdz;ð2:12Þ
Ymðx;a1;b1;y;a2;b2ÞYnðu;c1;d1;v;c2;d2Þ¼ 2
mþn
p
m!n!
ðmþnÞ!
Cða1þ c1þmþn2ÞCða2þ c2þmþn2Þ
Cða1þm1ÞCða2þm1ÞCðc1þn1ÞCðc2þn1Þ
Z 1
0
Z 1
0

Z p
2
p2
ta1þm2za2þm2ð1 tÞc1þn2ð1 zÞc2þn2eðmnÞhi cosmþn h
Ymþn d1xte
ihþb1uð1 tÞeih
2cosh
;a1þ c11;b1d1;d2yze
ihþb2vð1 zÞeih
2cosh
;a2þ c21;b2d2
 
dhdtdz;
ð2:13Þ
Kmðx;k1;M1 : y;k2;M2ÞKnðu;l1;N1 : v;l2;N2Þ
¼ 2
xþyþuþþmþn
p3
m!n!x!y!u!!
ðmþnÞ!ðxþuÞ!ðyþÞ!
ðM1þN1þ1Þ!ðM2þN2þ1Þ!
M1!M2!N1!N2!
Z 1
0
Z 1
0
Z p
2
p2
Z p
2
p2
Z p
2
p2
tM1 zM2ð1 tÞN1 ð1 zÞN2 eðmnÞwiþðxuÞ/iþðyvÞhi
 cosmþnwcosxþu/cosyþv hKmþn xþu; 4k1l1tð1 tÞcos/coswk1teð/þwÞiþl1ð1 tÞeð/þwÞi
;M1þN1þ1 : yþ v; 4k2l2zð1 zÞcoshcoswk2zeðhþwÞiþl2ð1 zÞeðhþwÞi
;M2þN2þ1
 
dwd/dhdtdz;
ð2:14Þ
Mmðx; b1; k1 : y; b2; k2ÞMnðu; c1; l1 : v; c2; l2Þ ¼
2xþyþuþmþb1þb2þc1þc2þmþn4
p5
 m!n!x!y!u!v!ðmþ nÞ!ðxþ uÞ!ðyþ vÞ!
Cðb1 þmÞCðb2 þmÞCðc1 þ nÞCðc2 þ nÞ
Cðb1 þ c1 þmþ n 1ÞCðb2 þ c2 þmþ n 1Þ

Z p
2
p2
Z p
2
p2
Z p
2
p2
Z p
2
p2
Z p
2
p2
eðmnÞxiþðxuÞwiþðyvÞuiþðb1c1Þ/iþðb2c2Þhi cosmþn x cosxþu w cosyþv u cosb1þc12 / cosb2þc22 hMmþn
xþ u; b1 þ c1  1;
2k1l1 cosw cosx
2k1l1 cosw cosx fl1ðk1  1Þeð/wxÞi þ k1ðl1  1Þeð/wxÞig cos/
:

yþ v; b2 þ c2  1;
2k2l2 cosu cosx
2k2l2 cosu cosx fl2ðk2  1ÞeðhuxÞi þ k2ðl2  1ÞeðhuxÞig cos h

dxdwdud/dh; ð2:15Þ
Imðx;k : y;lÞInðu;m : v;dÞ
¼ 2
xþyþuþvþmþn
p4
m!n!x!y!u!v!
ðmþnÞ!ðxþuÞ!ðyþ vÞ! e
fmðkþlÞþnðmþdÞg
Z p
2
p2
Z p
2
p2
Z p
2
p2
Z p
2
p2
eðmnÞwiþðxuÞ/iþðyvÞhi cosmþnwcosxþu/cosyþv h
 1ð1 e
kÞeðxw/Þiþð1 emÞeðxw/Þi
2coswcos/
cosx
 
 1ð1 e
lÞeðxwhÞiþð1 edÞeðxwhÞi
2coswcosh
cosx
  mþn
 Imþn xþu; log 1ð1 e
kÞeðxw/Þiþð1 emÞeðxw/Þi
2coswcos/
cosx
 
: yþ v; log 1ð1 e
lÞeðxwhÞiþð1 edÞeðxwhÞi
2coswcosh
cosx
  
dxdwd/dh
ð2:16Þ
924 M.A. Khan et al.andCmðx; a1 : y; a2ÞCnðu; b1 : v; b2Þ
¼ 2
xþyþuþvþmþn
p3
m!n!x!y!u!v!
ðmþ nÞ!ðxþ uÞ!ðyþ mÞ!
Z p
2
p2
Z p
2
p2
Z p
2
p2
eðmnÞwiþðxuÞ/iþðyvÞhi cosmþn w cosxþu / cosyþv h
 Cmþn xþ u; 4a1b1 cos/ coswa1eð/þwÞi þ b1eð/þwÞi
: yþ v; 4a2b2 cos h cosw
a2eðhþwÞi þ b2eðhþwÞi
 
dwd/dh: ð2:17ÞReferences
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